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An advantageous architecture for producing deterministic spin squeezing is cavity QED. We show
that the recently discovered one photon - two atom excitation process can be used to generate
optimal squeezing (scaling as 1/N) of an ensemble of N spins coupled to a single-mode cavity. This
method has some remarkable features. It is a resonant phenomenon mediated by real photons,
which provides the advantage of tunability. This allows to create a sizeable squeezing already at
the single-photon limit. We show that, close to that resonance, the dynamics can be approximated
by a two-axis Hamiltonian. We perform explicit calculations for ensembles of magnetic molecules
coupled to a superconducting coplanar cavities obtaining, for realistic parameters, squeezing values
up to −30dB. Thus, this system represents an attractive on-chip architecture for the realization of
technological solutions in sensing.
Introduction.— Quantum sensors beat the shot noise
limit of precision by using entangled states. Pseudo spin
-1/2 ensembles, serving as probes for measuring a mag-
netic field, represent a paradigmatic example [1]. If they
are prepared in a convenient squeezed-entangled state,
the minimized quadrature reduces the precession angle
uncertainty and, thus, the error in the field estimation
[2]. The Heisenberg principle imposes the ultimate scal-
ing error as 1/N , with N the number of spins. Therefore,
preparing a macroscopic spin state in a highly squeezed
state is a key resource for quantum metrology.
Squeezed states in atomic ensembles are prepared
by inducing interactions among the spins. Different
schemes, including atom-atom interactions in traps, feed-
back and projective measurements have shown up to -18
dB quadrature reduction [3–10]. An interesting alterna-
tive is the deterministic production within one-axis twist-
ing interactions generated inside a cavity [11, 12]. So far,
the reported results are limited to -8 dB. Thus, it is de-
sirable to find improved but deterministic protocols, as
the pre-preparation of initial coherent states superposi-
tions [13]. An alternative is engineering two-axis twist-
ing Hamiltonians that are known to be optimal in the
squeezing generation [14, 15]. However, it remains to
show their advantage in presence of noise and decoher-
ence [16]. In this work we show how to generate two-axis
twisting interactions in spin ensembles coupled to a cav-
ity mode. We show that they are able to generate opti-
mally squeezed states (the squeezing parameter scales as
ξ2 ∼ 1/N).
The effective two-axis twisting interaction proposed
here is based on a recent discovered mechanism in cavity
QED. In Refs. [17–19] it has been shown that it is possi-
ble to excite two atoms simultaneously by absorbing just
a single photon between them. The process is reversible,
so that the atoms can return to a lower-energy state by
collectively emitting one photon. This is a two-atom res-
onant process occurring when the atom transition is half
of the cavity frequency. Here, we generalize this process
to many atoms. This opens the way to investigate cases
in which several photons can excite different atomic pairs,
producing a coupling interaction in which the square of
the global scale spin operators Jˆ2± is involved.
Our protocol differentiates from previous approaches in
several ways. Although the light-matter system is in the
dispersive regime, it is a resonant mechanism involving
real photons. This is complementary to the case where
the field can be integrated out, so that the spin-spin in-
teractions are mediated by virtual photons [16, 20, 21].
The approach proposed here is a third-order nonlinear
optical process boosted by virtual photons [22]. There-
fore, for obtaining a significant rate for the excitation of
atom pairs, even for weak input fields, the light-atoms
coupling rate should reach a significant fraction of the
atomic transition frequency. In this interaction regime,
known as ultrastrong coupling (USC) [23–25], a general-
ized theoretical analysis for the output-squeezing should
be necessary [26]. However, in this work, the relevant
coupling strength is not the single-spin one, g, but the ef-
fective collective interaction between the N spins and the
single-cavity mode, which yields the scaling ∼ g3N . This
widely broadens the number of platforms where this pro-
cess could be implemented. Moreover, it is also required
that the atomic or molecular potential does not display
inversion symmetry. In this case, the system can be de-
scribed by an extended Dicke model, with atoms display-
ing both longitudinal and transverse coupling with the
cavity mode (see, e.g., Ref.s [17, 27, 28]). Finally, real
photons must be injected inside the cavity. The drive
could be even a coherent resonant field. Unexpectedly,
we find that even a single cavity photon is able to gener-
ate a significant amount of squeezing. A final advantage
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2of using resonant real photons is that the interaction can
be controlled by acting on the driving or on the atoms-
cavity detuning.
Our results could be implemented using several kinds
of qubits as, e.g., cold atoms, chiral molecules and super-
conducting flux qubits. One interesting architecture con-
sists of hybrid spin-superconductor systems [29], where
the spins can be NV-centers [30–35] or more general spins
[36, 37] that are coupled to a superconducting microwave
resonator.
Figure 1. Sketch for the proposed architecture. An ensemble of
magnetic molecules (red in the figure) are deposited on top of a su-
perconducting coplanar waveguide resonator. The spin-cavity cou-
pling is mediated by the quantum magnetic field generated by the
stationary currents in the circuit, denoted in the figure as Bˆcavity.
The spins transition frequency can be tuned by means of external
control fields, Bˆext.
Resonant excitation of atomic pairs.— Effective Hamil-
tonian, squeezing parameter.— We consider an ensem-
ble of N identical two level systems equally coupled to a
single-mode cavity. The Hamiltonian can be written in
terms of collective angular momentum operators:
Hˆ = ∆2 Jˆz +

2 Jˆx + ωc aˆ
†aˆ+ g(aˆ+ aˆ†)Jˆx , (1)
where Jˆα =
∑
i σˆ
i
α (α = x, y, z), while aˆ and aˆ† are
the usual operators for cavity photons. Parity symme-
try breaking is described by the second term in Eq. (1).
For  = 0 the celebrated Dicke model is recovered [38–
41]. When  6= 0, Hˆ can couple states differing by an
odd number of excitations. For example, an avoided
level crossing, originating from the coupling of the states
aˆ†|0, j,−j〉 ↔ Jˆ2+|0, j,−j〉, is expected when the reso-
nance frequency of the cavity ωc ' 2ωq = 2
√
∆2 + 2.
We label the states as |n, j,m〉, where the quantum num-
ber n describes the Fock states of the cavity, and j = N/2
is the total angular momentum and m = −j + Nexc is
the Jˆz eigenstate, where Nexc describes the number of
excited atoms. Such a coupling has been described for
the two qubit case (N = 2) only in [17]. Figure 2 con-
firms that it also occurs for any N ≥ 2. The analysis
of those processes non-conserving the number of excita-
tions can be simplified, deriving an effective Hamiltonian
by using perturbation theory [42]. For frequencies close
to the resonance condition ωc ' 2ωq, from Eq. (1), as
shown in Appendix A, the following effective interaction
Hamiltonian can be obtained:
Hˆeff = geff
(
aˆJˆ2+ + aˆ†Jˆ2−
)
, (2)
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Figure 2. Lowest energy levels of the system Hamiltonian obtained
for N = 20 qubits versus the ratio between the cavity frequency
ωc and that of identical qubits ωq . We used g = 2.5 × 10−4 ωq
and θ = pi/6. The inset compares the analytical (blue dots) and
numerical (red dots) results for the effective coupling between the
states |0, j,−j + 2〉 and |1, j,−j〉 versus the number of qubits.
where
geff = −4g
3 cos2 θ sin θ
3ω2q
, (3)
with sin θ = /
√
∆2 + 2. This procedure also gives rise
to a renormalization of the atomic frequencies, which
can be reabsorbed into ωq. This effective Hamiltonian
yields a series of nonzero transition matrix elements
〈n − 1, j,m + 2|Hˆeff |n, j,m〉, determining a ladder of
avoided level crossings at ωc = 2ωq, with energy split-
tings which are twice these matrix elements. The lowest
energy splitting is ∆E = 2geff
√
2N(N − 1). It is worth
noticing that, for large N , this splitting scales as ∼g3N
[see Eq. (3)].
The comparison between ∆E/2 and the corresponding
half-splitting energy obtained from the exact numerical
diagonalization of the Hamiltonian in Eq. (1) is shown in
the inset in Fig. 2. We note the very good agreement.
Figure 2 displays the lowest excited energy levels of the
effective Hamiltonian (the ground state energy is zero) as
a function of ωc/ωq, obtained for N = 20 qubits. Avoided
level crossings are clearly visible at ωc/ωq ' 2.
To characterize the squeezing we use the spin-squeezing
parameter ξ2, proposed by Wineland et al. [2, 43, 44],
ξ2 = N 〈(Jˆ · n⊥)
2〉 − 〈Jˆ · n⊥〉2
〈Jˆ〉2 , (4)
where the unit vector n⊥ is chosen to minimize the nu-
merator. This is the ratio between the fluctuations of
a general state versus the coherent spin state (CSS), for
the determination of the resonance frequency in Ram-
sey spectroscopy. The CSS here acts as a noise-reference
state. For ξ < 1 a gain in interferometric precision is
possible compared to using a coherent spin state [2, 44].
Single photon squeezing.— The simplest and, at the
same time, weirdest illustration of the role of real cavity
3photons in spin squeezing generation can be obtained by
looking at the squeezing generated by a single photon.
Let us consider as initial state a superposition of zero
and one photon, with all the atoms in their ground state:
|ψ(0)〉 = cosϕ|0, j,−j〉 + sinϕ|1, j,−j〉. Using the effec-
tive Hamiltonian in Eq. (2) and neglecting the losses, the
time evolution can be analytically calculated:
|ψ(t)〉 = cosϕ|0, j,−j〉+ sinϕ cos(gefft)|1, j,−j〉
− i sinϕ sin(gefft)|0, j,−j + 2〉 , (5)
from which the spin squeezing parameter in Eq. (4) can
be obtianed. We chose n⊥ = (cosφ, sinφ, 0) (orthogo-
nal to the z axis). In Fig. 3(a) we plot the time evo-
lution of ξ2. We also show the mean photon number
〈aˆ†aˆ〉 = sin2ϕ cos2(gefft) and the mean number of ex-
cited atoms Nexc = j + 〈Jˆz〉 = 2 sin2 ϕ sin2(gefft). We
considered a system of N = 20 spins with the parameters
g = 0.115ωq, θ = pi/6 (i.e. geff = 0.01), and ϕ = 0.45pi.
We also used the phase φ = pi/4, providing the maximum
squeezing (corresponding to the minimum value of ξ2).
When the cavity excitation is completely transferred to
the ensemble of two-level systems, the squeezing reaches
its maximum. This is because the system is in a quan-
tum superposition of the states |j,−j〉 and |j,−j + 2〉.
They are the two first components of an even superposi-
tion of coherent states, i.e. an entangled cat state. Let
us emphasize the maximum amount of quantum-noise
reduction obtained, ξ2 ' 0.55, already with a single pho-
ton. Very similar results can be obtained using the full
original Hamiltonian Eq. (1), as reported in Appendix C.
Dissipation and drivings beyond one-photon.— We
move to the actual scenario where both the spins and
the cavity are affected by dissipation. Assuming that
each atom has a γ decay channel, and applying the typ-
ical second-order Born and Markov approximations, we
end up with the master equation for the density matrix of
the cavity plus spins system [see, e.g., [45] and Appendix
D]:
˙ˆ% = −i[Hˆ, %ˆ] + κD[aˆ] + γ
N
D[Jˆ−] (6)
where D[Oˆ] = Oˆ%ˆOˆ† − 1/2{Oˆ†Oˆ, %ˆ} are the dissipa-
tors in Lindblad form, and κ and γ are the loss rates
for the cavity and the spins, respectively. Besides, we
extend our discussion to other kinds of drivings. As-
suming the system starting in its ground state, we first
consider a resonant optical pulse feeding the cavity, in-
cluding an additional time dependent Hamiltonian term
Vˆd = F(t)(aˆ + aˆ†), where F = AG(t) cos (ωd t), with
G(t) being a normalized gaussian function. We consider
pulses with central frequency resonant with the cavity
(ωd = ωc). Figure 3(b) displays the system dynamics
after the pulse arrival, for a system consisting of a cav-
ity mode and N = 10 spins. The parameters used are
g = 0.115ωq, γ = 10−4ωq, κ = γ/2, A/ωq = 3pi/4
and θ = pi/6. The figure shows that the mean photon
number 〈aˆ†aˆ〉, as expected, is anticorrelated to the mean
collective spin excitation j + 〈Jˆz〉. Here, the even spin
states superposition involve higher spin states of the type
|j − j + 2n〉, which allows to generate a higher degree of
spin squeezing. We also investigate the case of weak con-
tinuous driving: F = A cos (ωd t) with A = 2.5 γ. The
other parameters used are, g = 0.115ωq, γ = 10−3ωq
and κ = γ. In Fig. 3(c) we see that squeezing starts to
build up when the spin population grows, as expected.
In this case, because of the continuous character of the
driving, both the cavity and the spins populate to reach
a stationary value. The squeezing achieved in these full
quantum simulation is quite low, owing to the losses and
the low-excitation amplitude.
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Figure 3. System dynamics for ωc = 2ωq , (a) single-photon dy-
namics, (b) subject to a pi-pulse (magenta solid curve) drive of
the cavity mode and (c) under continuous-wave drive of the cavity
mode. The blue dashed curve describes the mean photon number
〈aˆ†aˆ〉, while the black solid curve describes the mean collective spin
excitation j+〈Jˆz〉. The squeezing parameter ξ2 is also plotted as a
red dot-dashed curve with values given on the y axis on the right.
All numerical parameters are given in the text.
Macroscopic spin ensamble.— The full quantum nu-
merical simulations are limited to few tens of qubits.
However, for most practical purposes N  1 is needed.
When N is sufficiently large, the collective spin operators
can be replaced by a bosonic mode (Jˆ+ →
√
N bˆ), so that
the squeezing parameter defined in Eq. (4) tends to the
bosonic squeezing measure [2, 46],
ξ2N→∞ = 1 + 2(〈bˆ†bˆ〉 − |〈bˆ2〉|) . (7)
In this limit, the effective Hamiltonian [Cf. Eq. (2)] be-
4comes
Hˆeff = geffN(aˆbˆ†2 + aˆ†bˆ2) , (8)
while the Lindbladians are replaced consis-
tently: 1ND[Jˆ−] → D[bˆ] [Cf. Eq. (6)]. In order to
maximize squeezing, a strong driving is required. In
this case, a direct simulation in the Fock basis becomes
unfeasible, hence we apply the mean-field approximation
in order to describe the cavity-spins interaction. In
experiments, it is possible to freeze the squeezed state
at the time when the maximum squeezing is reached,
by detuning the spins transition frequency. Then, the
squeezing is preserved for a time determined by the spins
decay rate γ. In order to better analyze the squeezing
dynamics we derived the equation of motion for the
squeezing parameter, in the mean-field approximation
dξ2
dt
= −(i4geffN〈aˆ〉+ γ)ξ2 + γ , (9)
focusing on its short-time behaviour. In Appendix E,
both the bosonic replacement and the mean field approx-
imation have been tested, and the long-time squeezing
dynamics is also described. This squeezing evolution is
akin to the one arising from the two-axis twisting Hamil-
tonian, which has been shown to be optimal [2], so that it
determines ξ2 ∼ 1/N (in absence of decoherence). More-
over, it squeezes exponentially in time [14, 15]. In pre-
vious approaches, based on adiabatic field elimination in
the bad-cavity limit, the resulting collective spin decay
(induced by the cavity) reduces the degree of squeezing.
As a consequence, the resulting spin squeezing scales as
ξ2 ∼ 1/√N [2, 7, 16, 21, 47]. In our proposal, the time
evolution of the cavity field is taken into account since
real photons are involved, and the cavity field, in Eq. (9),
may add extra dissipation. However, its effect is negligi-
ble if the spins are able to reach the maximum squeezing
faster than the cavity dissipation time scale κ−1. We pro-
pose a two step protocol. Owing to the resonant nature
of the squeezing mechanism studied here, we start setting
the spins out of resonance (ωc 6= 2
√
∆2 + 2) and in their
ground state. Then, we drive the cavity by a resonant
coherent field, until it reaches |〈aˆ〉| = √nph, where nph is
the steady-state mean photon number in the coherently
driven cavity. Once the cavity is fed, the second step
starts: the qubits frequency are tuned non-adiabatically
into resonance with the cavity. Numerically, taking as
initial condition the spins in their ground state and the
cavity in a coherent state with |〈aˆ〉| = √nph, we com-
pute the squeezing dynamics within the bosonic replace-
ment. Further details are given in Appendix E. In Fig. 4
we plot our results. They show that the maximum of
squeezing is obtained in a time scale
(4geffN
√
nph)−1 ≡ (χN)−1 . (10)
Notice that the non-adiabatic tuning of the qubits at the
beginning of the second step has to occur within a time
much lower than the time-scale in Eq. (10).
The time at which ξ2 is built up (which marks the short
time scale compared to κ and γ within our parameter
regime), can be approximately calculated setting |〈aˆ〉| =√
nph (i.e. constant) in Eq. (9). Then, the dynamics can
be solved analytically yielding for the squeezing:
ξ2 = χN exp[−(χN + γ)t] + γ
χN + γ . (11)
In Fig. 4(b) we show that this simple formula explains
the attainable squeezing (grey solid curves). This ap-
proximation works well if χN  κ (see also figure 4(a)
and Appendix E). Moreover, the maximum squeezing is
obtained if χN  γ is also satisfied. These inequalities
are largely satisfied for κ ∼ γ ∼ Ngeff . Consequently,
Eq. (11) shows that ξ2 is reached exponentially and scales
as 1/N . This is one of the main results of this letter.
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Figure 4. (a) Absolute value of the cavity field coherence |〈aˆ〉| ver-
sus time , and (b) evolution in dB for the squeezing parameter ξ2.
Three different values of the drive intensity have been considered:
2A = κ, 10κ, 100κ (reported in the legend). The rest of the param-
eters are Ngeff = κ = γ = 1. The time scale, (χN)−1 is given by
Eq. (10). The solid grey curves describe the results obtained using
the analytical result in Eq. (11).
Implementation.— Eq. (11) establishes that ξ2 decays
exponentially to γ/(χN). This term can be rewritten
in terms of both, single qubit-cavity coupling and av-
erage number of photons in a driven cavity (nph) such
that [γ/(χN)] ∼ γ
[
g
√
nph(g
√
N/ωq)2
]−1
. Notice that
√
nph = 2A/κ, where A is the drive amplitude. As
said, in the pros side is the N−1 dependence, together
with the enhancement due to the initial driving. How-
ever, in the cons we have the ratio (g/ωq)2. This
trade off is better understood by comparing our proto-
col with similar ones. We consider a recent and opti-
mized protocol [13], which is limited by spins dissipation
as ξ2Ref.[12] ∼
√
κγ/Ng2. Writing our scaling in terms
5of the latter ξ2 ∼ (γ/κ)1/2(ωq/g)2(Nnph)−1/2ξ2Ref.[12].
Hence, we need to search for architectures where: (i) it
is possible to couple a large number of effective spins to
a single-mode cavity, (ii) together with a non-negligible
single-spin normalized coupling strength (g/ωq) and (iii)
strong cavity pumping is feasible.
Several cavity QED architectures can satisfy the es-
tablished criteria. Here, we discuss the coupling between
single molecular magnets and coplanar waveguide cav-
ities (CPWCs). Using nano-constrictions together with
magnetic molecules, single spin-cavity coupling strengths
of the order of g/ωq ∼ (10−4 − 10−3) can be achieved
both for S = 1/2 and higher spin molecules having de-
coherence times up to ms [36, 37]. Moreover, since the
molecules are nano-sized objects, a macroscopic number
of them can be coupled to the CPWC. In addition, the
protocol assumes that turning on and off resonance the
spins marks fastest time scale in the problem. Follow-
ing [37], in our simulations we consider realistic numbers
g/ωq ∼ 10−4 and γ ∼ κ ∼ 10−5. Then, placing N ∼ 109
of those spins we get the parameters used in Fig. 4. Fi-
nally, we must consider the maximum power admitted
in the nanoconstrictions. Experiments [48] showed that
Pin = −40 dB (which corresponds to a number of photons
nph = 1012) can be safely used. Setting these realistic pa-
rameters we can set geffN = γ = κ obtaining ξ2 = −30
dB as shown in Fig. 4.
Conclusions.— In this letter we have generalized the
one photon-two atom process in cavity QED to many
atoms. In doing so, we have introduced a novel way
for generating many-body spin-spin interactions. This
yields a two-axis twisting like-interaction among the
spins. Note that the mechanism is a resonant process
involving real photons which facilitates the control of the
effective interaction. We have shown that, already at
the single-photon limit, a sizeable squeezing is produced.
Moreover, we showed that by driving strongly the cav-
ity, the scaling for squeezing goes as ∼ 1/N , correspond-
ing to the Heisenberg limit. We calculated that reaching
−30 dB is possible already with spin-cavity and deco-
herence rates reported for magnetic molecules coupled to
superconducting circuit resonators. In addition to this
specific platform, our results could be implemented in
several cavity QED systems, although the on-chip sys-
tem analyzed here is particularly advantageous for prac-
tical applications. Here, we focused on the squeezing
generation; however the novel spin-spin interaction found
here can enlarge the possibilities for exploring many body
and non linear quantum physics [49]. Finally, we point
out that these results show that Dicke-like models can
display relevant nonlinear effects in the thermodynamic
limit, even under weak coherent optical drives.
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Appendix A: Two-level atoms: Derivation of the
effective Hamiltonian
In order to derive the effective Hamiltonian in Eq. (2)
(see the main text), we start from Eq. (1). We first
rewrite it in the basis where the qubits Hamiltonian (in
the presence of interaction) is diagonal. We obtain
Hˆ = ωqJˆz +ωcaˆ†aˆ+g(aˆ+ aˆ†)(cos θJˆx+2 sin θJˆz) , (A1)
where
2Jˆz =
∑
i
σˆ(i)z . (A2)
Notice that the flux offset, is now encoded in the an-
gle θ = arctan(/∆). We now apply the generalized
James’effective Hamiltonian method [42]. In the inter-
action picture, the system Hamiltonian in Eq. (A1) con-
tains terms with three distinct frequencies. For ωc = 2ωq,
the three frequencies are ω1 = ωq, ω2 = 2ωq, and
ω3 = 3ωq. The terms are
hˆ1 = g cos θ aˆ†
∑
i
σˆi−
hˆ2 = −g sin θ aˆ†
∑
i
σˆjz
hˆ3 = g cos θ aˆ†
∑
i
σˆi+ .
(A3)
The light-matter interaction potential can then be writ-
ten as
Vˆ =
3∑
i=1
hˆi + H.c. (A4)
By applying the generalized James’ method [Eq. (15)
of Ref. [42]] and neglecting the time dependent terms
(RWA), we obtain the effective Hamiltonian:
Hˆeff =−A
[
hˆ1hˆ
†
2hˆ1 + hˆ
†
1hˆ2hˆ
†
1
]
+ A2
[
hˆ1hˆ1hˆ
†
2 + hˆ
†
1hˆ
†
1hˆ2 + hˆ
†
2hˆ1hˆ1 + hˆ2hˆ
†
1hˆ
†
1
]
− A2
[
hˆ1hˆ
†
3hˆ2 + hˆ2hˆ
†
3hˆ1 + hˆ
†
2hˆ3hˆ
†
1 + hˆ
†
1hˆ3hˆ
†
2
]
+ A3
[
hˆ1hˆ2hˆ
†
3 + hˆ
†
1hˆ
†
2hˆ3 + hˆ
†
3hˆ2hˆ1 + hˆ3hˆ
†
2hˆ
†
1
]
+ A6
[
hˆ2hˆ1hˆ
†
3 + hˆ
†
2hˆ
†
1hˆ3 + hˆ
†
3hˆ1hˆ2 + hˆ3hˆ
†
1hˆ
†
2
]
,
(A5)
where A = g3 cos2 θ sin θ/ω2q. Adopting normal order-
ing for the photonic operators, neglecting higher-order
terms involving two destruction or creation photon op-
erators, and using the commutation rules for the Pauli
operators, Eq. (A5) becomes:
Hˆeff =− 2A
aˆ∑
jk
σˆj+σˆ
k
+ + aˆ†
∑
jk
σˆj−σˆ
k
−
− A2
2aˆ∑
ijk
σˆj+σˆ
k
+σˆ
i
z + 4aˆ
∑
jk
σˆj+σˆ
k
+ + 2aˆ
∑
ijk
σˆj−σˆ
k
−σˆ
i
z − 4aˆ
∑
jk
σˆj−σˆ
k
−

+ 2A3
aˆ∑
ijk
σˆj+σˆ
k
+σˆ
i
z + 2aˆ
∑
jk
σˆj+σˆ
k
+ + aˆ
∑
ijk
σˆj−σˆ
k
−σˆ
i
z − 2aˆ
∑
jk
σˆj−σˆ
k
−

+ A3
aˆ∑
ijk
σˆj+σˆ
k
+σˆ
i
z + 4aˆ
∑
jk
σˆj+σˆ
k
+ + aˆ
∑
ijk
σˆj−σˆ
k
−σˆ
i
z
 .
(A6)
After some algebra, we obtain the effective Hamiltonian:
8Hˆeff = −4g
3 cos2 θ sin θ
3ω2q
aˆ∑
jk
σˆj+σˆ
k
+ + aˆ†
∑
jk
σˆj−σˆ
k
−
 . (A7)
We note that the the resulting effective Hamiltonian does
not depend on the Pauli operator σˆz. Using the collective
lowering and raising spin operators Eq. (A2), becomes:
Hˆeff = −4g
3 cos2 θ sin θ
3ω2q
(
aˆJˆ2+ + aˆ†Jˆ2−
)
. (A8)
Here J± =
∑
j σ±. Equation (A8) displays the effec-
tive Hamiltonian, describing the simultaneous genera-
tion of two excitations in an ensamble constituted by
an arbitrary number N of identical atoms, by one pho-
ton absorption. Equation (A8) is the effective Hamilto-
nian responsible for the coupling between the eigenvec-
tors |0, ggg..e..e..ggg..〉 and |1, ggg..g..g..ggg..〉. In terms
of the angular momentum notation, they can be written
as |0, j,−j+2〉 and |1, j,−j〉, respectively, being j = N/2.
More generally, this Hamiltonian couples states differing
by two-qubit excitations: |j,m〉 ↔ |j,m + 2〉. The ef-
fective resonant coupling between these eigenstates, for
m = −j is:
〈0, j,−j+2|Heff |1, j,−j〉 = 4g
3 cos2 θ sin θ
3ω2q
√
2N(N − 1) .
(A9)
Appendix B: ∆-like three-level atoms: Derivation of
the effective Hamiltonian
It has been shown [18] that it is possible to simultane-
ously excite two atoms by using a cavity-assisted Raman
process in combination with a cavity-photon-mediated
interaction. We generalize this analysis to a system of
many atoms.
Specifically, we consider a system of N ∆-like three-
level atoms interacting with a single mode optical res-
onator [18, 50]. The total Hamiltonian is Hˆ∆ = Hˆc +
Hˆ0 + VˆI , being
Hˆc = ωcaˆ†aˆ , (B1)
the energy of the cavity,
Hˆ0 =
∑
i
(
ωgσˆ
(i)
gg + ωeσˆ(i)ee + ωsσˆ(i)ss
)
, (B2)
the energy of an ensemble of identical three-level (g, e, s)
atoms (here, σˆimn = |m〉ii〈n|, where |m〉i is a generic
eigenstate of the three-level atom with m,n = g, e, s),
and finally,
VˆI = aˆ
N∑
i=1
(
ggeσˆ
(i)
eg + ggsσˆ(i)sg + gesσˆ(i)se
)
+ H.c. (B3)
is the interaction Hamiltonian part. The term σˆ
(i)
mn =
|m〉〈n| is a transition operator for the i-th three-level
atom, while gmn is the corresponding transition matrix
elements. Assuming that the system operates in the dis-
persive regime: |∆mn|  gnm, where ∆mn = ωmn − ωc
and ωmn = ωm − ωn denote the transition frequencies,
it is possible to derive the effective Hamiltonian apply-
ing a unitary transformation able to eliminate the direct
atom-cavity coupling:
Hˆeff = e−XˆHˆ∆ eXˆ , (B4)
where
Xˆ =
N∑
i=1
(
gge
∆eg
σˆ(i)eg +
ges
∆se
σˆ(i)se +
ggs
∆sg
σˆ(i)sg −H.c.
)
.
(B5)
Keeping terms up to the third order in the interaction
Hamiltonian, assuming that no atom is initially in the
|s〉 state, assuming ωc ' 2ωeg, and including only the
time-independent terms (in the Heisenberg picture), we
obtain the effective Hamiltonian
Hˆeff = geff
(
aˆJˆ2+ + aˆ†Jˆ2−
)
, (B6)
with the resulting effective coupling strength
geff =
ggeggsgse
3∆ig∆ie∆eg
(3∆ig − ωeg) . (B7)
Notice that in Eq. (B6) Jˆ+ =
∑
i σˆ
(i)
eg .
Appendix C: System dynamics using the
Hamiltonian in Eq. (1)
Here we compare the analytically calculated system
dynamics [see Fig. 3(a)], obtained by using the effec-
tive Hamiltonian in Eq. (2), with the dynamics calcu-
lated numerically by using the full system Hamiltonian
in Eq. (A1) (which is equivalent to Eq. (1)). We analyze
the free system evolution, considering as initial condition
a superposition state of the system ground state and a
one-photon state with all the spins in their ground state
(see the main paper). All the parameters used here coin-
cide with those used to obtain the results in Fig. 3(a).
Figure (5) displays such a comparison. Specifically,
the continuous curves describe the mean number of cav-
ity photons (blue) as well as the mean excitation number
for the spin system (black), and the squeezing parame-
ter (red) obtained using Eq. (1) (numerical calculation).
The dashed curves correspond to the analytical calcula-
tions displayed in Fig. 3(a). The agreement between the
9two set of curves is very good, showing that the effective
Hamiltonian is able to describe well this interacting sys-
tem under the resonant condition ωc ' 2ωq, at least for
a moderate light-matter interaction strength.
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Figure 5. Free time evolution of the interacting light matter sys-
tem, considering N = 10 effective spins for ωc = 2ωq . The initial
state is a superposition of the system ground state and a one-photon
state with all the spins in their ground state (see the main paper).
The continuous curves describe the mean number of cavity photons
(blue) as well as the mean excitation number for the spin system
(black), and the squeezing parameter (red) obtained using Eq. (1)
(numerical calculation). The dashed curves do corresponds to the
analytical results displayed in Fig. 3(a).
Appendix D: Dissipation
The Linblad dissipators for a collection of two level
systems inside a cavity have been discussed in Ref. [45].
In this appendix we develop a similar theory adapting
it to our case. We assume that the ensemble of spins
occupies a small volume, compared to the cavity-mode
wavelength. This is the case for the implementation dis-
cussed in the main text. With this assumption, both the
cavity and atomic decays can be cast in the Lindblad
form [45]:
κD[aˆ] = κ(2aˆ%ˆaˆ† − {aˆ†aˆ, %ˆ}) , (D1)
γD[σˆ] = γ
∑
i
σˆi−%ˆσˆ
i
+ −
1
2{σˆ
i
+σˆ
i
+, %ˆ} (D2)
Here, γ and κ are the atomic and cavity decay rates,
respectively. Taking the Fourier transform,
σˆk+ =
1√
N
∑
j
eikj σˆjk (D3)
we notice that
σˆ0± =
1√
N
Jˆ± . (D4)
Using Eq. (D3), the single-site dissipative terms becomes:∑
i
σˆi−%ˆσˆ
i
+ −
1
2{σˆ
i
+σˆ
i
+, %ˆ} (D5)
= 1
N
∑
k,k′
∑
j
ei(k−k
′)j
(
σˆk−%ˆσˆ
k′
+ −
1
2{σˆ
k′
+ σˆ
k
−, %ˆ}
)
,
It is convenient to separate the zero momentum contri-
bution, which, using Eq. (D4), results into:
γD[σˆ] = γ
N
(
Jˆ−%ˆJˆ+ − 12{Jˆ+Jˆ−, %ˆ}
)
(D6)
+ γ
∑
k 6=0
σˆk−%ˆσˆ
k
+ −
1
2{σˆ
k
+σˆ
k
+, %ˆ} .
Finally, we analize how the terms in the Hamiltonian (1)
looks like in momentum space. For that, we realize that
[Cf. Eq. (D5)]: ∑ˆ
i
σˆi+σˆ
i
− =
∑ˆ
k
σˆk+σˆ
k
− . (D7)
Morover, the atomic-light coupling becomes:
g(aˆ+ aˆ†)
∑
i
σˆix = g(aˆ+ aˆ†)(Jˆ+ + Jˆ−) (D8)
As expected, the cavity only couples to the zero momen-
tum operator. Therefore, the full dynamics (unitary +
dissipative) do not mix different momenta, resulting in
the QME used in the main text.
Appendix E: Bosonic map in the large-N limit
If N is sufficiently large and the number of spin exci-
tations satisfies the condition
∑
j〈σˆ+j σˆ−j 〉  N , the col-
lective spin operator can be replaced [51] by a bosonic
mode:
Jˆ− ≡
∑
i
σˆ
(i)
− →
√
N bˆ , (E1)
Jˆ+ ≡
∑
i
σˆ
(i)
+ →
√
N bˆ†, (E2)
where bˆ (bˆ†) is the creation (destruction) operator in the
new bosonic rappresentation. Using Eq. (E1), Eq. (E2)
and including a continuum driving term 2A cos(ωd t)(aˆ+
aˆ†) (in the rotating wave approximation), the system
Hamiltonian in the rotating frame becomes:
Hˆ = (ωc−ωd)aˆ†aˆ+ωq bˆ†bˆ+geffN (aˆbˆ† 2+aˆ†bˆ2)+A(aˆ+aˆ†).
(E3)
Notice that, since (bˆ†)2|0〉 = √2|2〉, the anticrossing
scales as
√
2N which equals
√
2N(N − 1), in theN →∞
limit [Cf. Eq. (3) in the main text].
As regards the dissipators, they are global spin opera-
tors (see Appendix D). Thus, after the replacement by a
bosonic mode the master equation becomes
˙ˆ% =− i[Hˆbosonic, %ˆ] (E4)
+ κ
(
2aˆ%ˆaˆ† − {aˆ†aˆ, %ˆ})+ γ(bˆ%ˆbˆ† − 12{bˆ†bˆ, %ˆ})
Due to the nonlinearity of the system Hamiltonian,
Eq. (E4) is not exactly solvable. Applying the mean-
field approximation 〈aˆbˆ†〉 → 〈aˆ〉〈bˆ†〉, with the purpose
10
to describe the cavity-spins interaction, we end up with
a non-linear and closed set of coupled equations for the
first and second moments:
∂t〈aˆ〉 = −iNgeff〈bˆ2〉 − iA− κ2 〈aˆ〉 (E5a)
∂t〈bˆ〉 = −iNgeff〈aˆ〉〈bˆ†〉 − γ2 〈bˆ〉 (E5b)
∂t〈bˆ2〉 = −i2Ngeff〈aˆ〉(2〈bˆ†bˆ〉+ 1)− γ〈bˆ2〉 (E5c)
∂t〈bˆ†bˆ〉 = −i2Ngeff(〈aˆ〉〈bˆ† 2〉 − c.c.)− γ〈bˆ†bˆ〉 . (E5d)
Here, we are interested in computing ξ2, wich in the
bosonic limit reads [46]
ξ2N→∞ = 1 + 2
(
〈bˆ†bˆ〉 − |〈bˆ2〉|
)
. (E6)
Besides, to find a close e.o.m. for ξ we realize that, at
the steady state, in the regime where geff  1, Eq. (E5a)
yields that the mean value of the cavity field coherence is
a purely imaginary number, 〈aˆ〉 = −i2A/κ. As a conse-
quence, using Eq. (E5c) and Eq. (E5d), the mean value
of the quadratic bosonic operator 〈bˆ2〉 is a real number.
Thus, we can replace |〈bˆ2〉| → 〈bˆ2〉 in Eq. (E6). Taking
the time derivative
dξ2N→∞
dt
= 2
(
d〈bˆ†bˆ〉
dt
− d〈bˆ
2〉
dt
)
= −2
(
2Ngeffi〈aˆ〉
(
1 + 2(〈bˆ†bˆ〉+ 〈bˆ2〉))− 2γ(〈bˆ†bˆ〉+ 〈bˆ2〉)) , (E7)
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Figure 6. Full time dynamics for ξ2. The parameters used are
A = 10κ and Ngeff = κ = γ = 1
we arrive at Eq. (9) (see the main text), namely:
dξ2
dt
= −(i4geffN〈aˆ〉+ γ)ξ2 + γ . (E8)
In Fig. 6, we plot an example for the time dynamics of ξ2.
Finally, in Fig. 7 we test the mean-field approximation
comparing the system dynamics solved by numerical and
analytical (using mean-field approximation) calculations.
We compare both the mean number 〈bˆ†bˆ〉 and ξ2, finding
a good agreement.
Finally, for completeness, let us explore the squeezing
obtained in the limit t → ∞ (stationary squeezing) set-
ting the l.h.s of Eq. (E5a), Eq. (E5c) and Eq. (E5d) to
zero. First, we introduce some dimensionless quantities,
namely:
Aκ := 2A/κ , Gγ := 2Ngeff/γ , Gκ := 2Ngeff/κ .
(E9)
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Figure 7. Comparison between the system dynamics solved by
numerical calculations and using the mean-field approximation. We
compare both the mean number 〈bˆ†bˆ〉 and ξ2. The parameters used
are γ = 5× 10−2 ωq , A = γ, κ = γ and Ngeff = κ = γ = 1.
From Eq. (E5c) and Eq. (E5d), we solve for 〈bˆ†bˆ〉 in the
stationary state, obtaining
〈bˆ†bˆ〉 = 2G
2
γ |〈aˆ〉|2
1− 4G2γ |〈aˆ〉|2
, (E10)
while using Eq. (E5a) and Eq. (E5c) we also get:
〈aˆ〉 = −iAκ + GκGγ〈aˆ〉(2〈bˆ†bˆ〉+ 1) . (E11)
Combining Eq. (E10) with Eq. (E11) an equation for 〈aˆ〉
is obtained
〈aˆ〉+ GκGγ〈aˆ〉1− 4G2γ |〈aˆ〉|2
= −iAκ (E12)
from which it follows that
ξ2N→∞ = 1 + 2(〈bˆ†bˆ〉 − |〈bˆ2〉|) =
1
1 + 2Gγ |〈aˆ〉| (E13)
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The minimum of stationary squeezing is min(ξ2N→∞) =
1/2. This can be understood by looking to Eq. (E11).
There, it is easily checked that, when Aκ → ∞, then
1 − 4G2γ |〈aˆ〉|2 → 0, thus ξ2N→∞ → 1/2. The latter result
has been verified numerically.
